ABSTRACT Let G = (V , E) be a simple graph. A double Roman dominating function (DRDF) on G is a function f from the vertex set V of G into {0, 1, 2, 3} such that if f (u) = 0, then u must have at least two neighbors assigned 2 or one neighbor assigned 3 under f , and if f (u) = 1, then u must have at least one neighbor assigned at least 2 under f . The weight of a DRDF f is the value f (V ) = u∈V (G) f (u). The total double Roman dominating function (TDRDF) on a graph G without isolated vertices is a DRDF f on G with the additional condition that the subgraph of G induced by the set {v ∈ V : f (v) ≥ 1} is isolated-free. The total double Roman domination number γ tdR (G) is the smallest weight among all TDRDFs on G. In this paper, we first show that the decision problem for the total double Roman domination is NP-hard for chordal and bipartite graphs, and then we establish some sharp bounds on total double Roman domination number.
I. INTRODUCTION
Lethal G = (V , E) be a simple graph, we will use the following definitions and notations. the maximum degree of G. leaf a vertex of degree one. support vertex a vertex having at least a leaf neighbor. strong support vertex a vertex having at least two leaf neighbors. L v the set of leaf neighbors of v. P n a path on n vertices. C n a cycle on n vertices. K 1,n−1 a star of order n. DS r,s a double star, i.e. a tree is obtained by joining
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r pendent vertices to v 1 and s pendent vertices to v 2 from a path P 2 = v 1 v 2 . cor(G) the corona of G, i.e. the graph obtained from G by connecting a pendant vertex at every vertex of G. dominating set a set S of vertices in G is a dominating set if every vertex of G is in S or is adjacent to a vertex in S.
D(G) (or D)
the set of all dominating sets of G.
The domination number γ (G) of G is γ (G) = min{|S| : S ∈ D(G)}.
A set S ∈ D(G) with the smallest cardinality is called a γ -set of G. Determining the domination number of general graphs is NP-complete was proved in 1979 (see GT2 in appendix in [6] ). The literature on the topic of domination parameters has been surveyed in the two main books [7] , [8] .
A double Roman dominating function (DRDF) on G is a function f from the vertex set V of G into {0, 1, 2, 3} such that if f (u) = 0, then u must have at least two neighbors assigned 2 or one neighbor assigned 3 under f , and if f (u) = 1, then u must have at least one neighbor assigned at least 2 under f . The weight of a DRDF f is the value f (V ) = u∈V (G) f (u). The double Roman domination number γ dR (G) equals the smallest weight among all DRDFs on G. For a DRDF f , let V i = {v ∈ V : f (v) = i} for i ∈ {0, 1, 2, 3}. Since these four sets determine f uniquely, we also write f = (V 0 , V 1 , V 2 , V 3 ). Note that ω(f ) = |V 1 | + 2|V 2 | + 3|V 3 |. Double Roman domination was introduced in [5] and has been studied in [1] - [4] , [10] - [12] .
A total double Roman dominating function of a graph G without isolated vertices, abbreviated TDRD-function (or TDRDF), is a DRDF on G with the additional condition that the subgraph of G induced by the set {v ∈ V : f (v) ≥ 1} is isolated-free. The total double Roman domination number γ tdR (G) is the smallest weight of a TDRDF on G [9] .
In this paper, we first show that the decision problem for determining the total double Roman domination is NP-hard even for chordal and bipartite graphs, and then we provide sharp bounds on total double Roman domination number. Some of our results extend the results given by Hao et al. [9] .
The following results are useful in this paper
Observation 1: Let v be a support vertex of a graph G and u is a leaf neighbor of v. For any TDRDF of
Proposition 2 [9] : For n ≥ 3, γ tdR (C n ) = 6n 5 . Proposition 3 [9] : For n ≥ 3,
otherwise.
Observation 4 [9] : For every isolated-free graph G,
Proposition 5 [9] : For any isolated-free graph G of order n ≥ 3, γ tdR (G) = 4 if and only if (G) = n − 1
II. COMPLEXITY OF TOTAL DOUBLE ROMAN DOMINATION NUMBER
In this section, we will show that the total double Roman domination problem is NP-hard even for chordal and bipartite graphs. The decision problem is stated as follows.
A. TOTAL DOUBLE ROMAN DOMINATION NUMBER PROBLEM (TOTAL DOUBLE ROM-DOM)
Instance: an integer k ∈ Z + and a non-empty bipartite graph G.
Question: Is γ tdR (G) ≤ k? In order to prove the NP-completeness result [6] , we will apply Garey and Johnson's techniques to prove NP-completeness results by describing a polynomial transformation from the 3SAT problem, which is stated as follows.
Assume U is a set of Boolean variables. A truth assignment for U is a function h from U into {T , F}. A variable u ∈ U is said to be ''true'' under h if h(u) = T , otherwise u is said to be ''false''. If u ∈ U is a Boolean variable, then u andū are literals over U . Moreover, the literal u (resp.ū) is true under h if and only if the variable u (resp. u) is false under h.
A set of literals over U is called a clause (over U ), which represents the disjunction of such literals and is fulfilled by a truth assignment h if and only if one of its members is true under h. Let C be a collection of clauses over U . There is a truth assignment for U that satisfies all the clauses in C simultaneously if and only if C is satisfiable. We say such a truth assignment to be a satisfying truth assignment (SatTA) for C . The 3SAT is described as follows.
B. 3-SATISFIABILITY PROBLEM (3SAT)
Instance: A family C = {C 1 , C 2 , · · · , C m } of clauses over a finite set U of variables such that |C j | = 3 for j = 1, 2, · · · , m.
Question Proof: TOTAL DOUBLE ROM-DOM is a member of NP, because we can verify in polynomial time that a function f : V −→ {0, 1, 2, 3} is a TDRDF and has weight at most k. Let us now show that how to transform any instance of 3SAT into an instance G of TOTAL DOUBLE ROM-DOM such that one of them has a solution if and only if the other one has a solution.
The transformation is from 3SAT. Suppose U = {u 1 , u 2 , · · · , u n } and let C = {C 1 , C 2 , · · · , C m } be an arbitrary instance of 3SAT. We construct a bipartite graph G and choose a positive integer k such that γ tdR (G) ≤ k if and only if C is satisfiable. The construction of G is as follows. For each i ∈ {1, 2, · · · , n}, corresponding to the variable u i ∈ U , associate a graph
For each j ∈ {1, 2, · · · , m}, corresponding to the clause C j = {p j , q j , r j } ∈ C , associate a single vertex c j and add the edge set E j = {p j , q j , r j }, 1 ≤ j ≤ m and set k = 6n.
The graph obtained when U = {u 1 , u 2 , u 3 , u 4 } and Figure 1 . Now, we only need to prove that γ tdR (G) = 6n if and only if there is a truth assignment for U satisfying each clause in C . This goal can be established by proving the next two claims.
Claim 1:
Proof of Claim 1: Let f be a γ tdR -function of G, and let 
We may assume without loss of generality that x = u i (the case x = u i is similar). We distinguish three cases.
, there are at least two neighbors x and y of x i with f (x) = f (y) = 2 or there exists at least one neighbor x of
Without loss of generality we set x = v i and y = v i . Therefore |N (z i ) ∩ V 2 | = 1 which leads to a contradiction. If for some vertex of N (x i ) say x, f (x) = 3, then there is at least one vertex of V (H i ), say r, such that f (r) = 0 and |N (r) ∩ V 2 | = 1 and
Then there exists at least one vertex of N (x i ), say x, such that 2 ≤ f (x) ≤ 3. As above, there exists at least one vertex of V (H i ), say r, such that f (r) = 0 and
This case is similar to case 2.
Since
for each i ∈ {1, · · · , n}. We next verify that t is an SatTA. It is sufficient to show that each clause in C is satisfied under t. To do this, we arbitrarily select a clause C j ∈ C with 1 ≤ j ≤ m. or c j ∈ N (ū i ). Let c j be adjacent to u i where f (u i ) = 3. Since u i ∈ N G (c j ), the literal u i belongs to the clause C j by the construction of G. Since f (u i ) = 3, it follows from (1) that t(u i ) = T and this implies that the clause C j is satisfied by t. Assume that c j ∈ N G (ū i ) where f (ū i ) = 3. It follows that the literalū i is in the clause C j and since f (ū i ) = 3 we have t(u i ) = F by (1). Thus, t assignsū i the truth value T , that is, t satisfies the clause C j . Hence t satisfies all the clauses in C and so C is satisfiable.
Conversely, let C be satisfiable and t : U −→ {T , F} be a satisfying truth assignment for
Since t is an SatTA for C , for each j ∈ {1, 2, · · · , m}, at least one of literals in C j is true under the assignment t implying that the corresponding vertex c j in G is adjacent to at least one vertex p with f (p) = 3 because c j ∈ N G (C j ). Therefore f is a TDRDF of G yielding γ tdR (G) ≤ 6n. Thus γ tdR (G) = 6n by Claim 1.
Theorem 8: Problem TOTAL DOUBLE ROM-DOM is NP-Complete for chordal graphs.
Proof: As in Theorem 7, TOTAL DOUBLE ROM-DOM is a member of NP. Now will show a transformation from any instance of X 3C into an instance G of TOTAL DOUBLE ROM-DOM such that the instance of TOTAL DOUBLE ROM-DOM has a solution if and only if that of X 3C has a solution. Suppose X = {x 1 , x 2 , · · · , x n } and let
For any x i ∈ X , let H i be the graph obtained from a cycle
by adding the edges x 1 i x 3 i and x 1 i x 4 i . Moreover, for each C j ∈ C, we add a single vertex c j and add all edges between c j 's. Now to obtain a graph G, we add edges
is not total double Roman dominated. In this case, we are sufficient to suppose that vertices of H i are assigned as follows :
Let the instance X , C of X 3C has a solution C . We define a TDRDF f on G of weight k. For every C j , assign a 1 to c j when C j ∈ C and a 0 when C j / ∈ C . Also assign a 3 to every x 1 i and a 0 to the remaining vertices of H i . Since C exists, its cardinality is precisely q, the number of c's of weight 1 is q, having disjoint neighborhoods in
Conversely, let G have a TDRDF of weight at most k.
Suppose p is the number of H i 's having weight 4. Therefore f (V (H )) = 4p+3(3q−p) = 9q + p. Now if f (c j ) = 0 for some j, then c j serves to total double Roman dominate some vertex x 1 r , and in this case
Assume y is the number of c j 's assigned 1. Then y + 9q + p ≤ k yields y + p ≤ q. On the other hand, since each c j has exactly three neighbors in
3q }, and the vertex x i assigned 3 need a vertex C j assigned 1, we must have 3y ≥ 3q − p. Together with these inequalities, we have y = q and p = 0. Consequently, C = {C j : f (c j ) = 1} is an exact cover for C.
III. MAIN RESULTS
In this section we provide some sharp bounds on the total double Roman domination number of graphs. Assume that T = {cor(T ) | T is a tree} and G = {cor(H ) | H is a connected graph}. We begin with determining the total double Roman domination number of double stars and the graphs belonging to G. 
2 . On the other hand, the function f :
Next we show that for any connected graph G of order n ≥ 2, γ tdR (G) ≤ 3n 2 . Note that it is sufficient to consider the upper bound for trees, we first give the proof for the upper bound for trees and then characterize the connected graphs achieving this upper bound.
Theorem 11: For any tree T of order n
with equality if and only if T ∈ T . Proof: We proceed by induction on n. The result is immediate for n ≤ 3. Suppose n ≥ 4 and the result is true for all trees of order less than n. Suppose T is a tree of order n. If diam(T ) = 2, then T is the star K 1,n−1 and clearly γ tdR (K 1,n−1 ) = 4 < 
Assume that deg(v 2 ) = 2. Then any γ tdR (T )-function f can be extended to a TDRDF of T by assigning a 2 to v 2 and a 1 to v 1 , and this implies that
The equality holds in (2), if and only if γ tdR (T ) = 3n(T ) 2 . It follows from the induction hypothesis that T ∈ T . Assume that T = Cor(T 1 ). We claim that v 3 ∈ V (T 1 ). Suppose, to the contrary, that v 3 ∈ V (T 1 ). Then v 3 is a leaf of T . Define f : V (G) → {0, 1, 2, 3} by f (x) = 2 for x ∈ V (T 1 ) and f (x) = 1 otherwise. Clearly f is a γ tdR (T )-function. Now the function g : V (T ) → {0, 1, 2, 3} defined by g(v 3 ) = 0, g(v 1 ) = 1, g(v 2 ) = 2 and g(x) = f (x) otherwise, is clearly is TDRDF of T of weight less than 3n 2 which is a contradiction. Hence v 3 ∈ V (T 1 ). Let T 2 be the tree obtained from T 1 by adding the pendant edge v 3 v 1 . This implies that T = Cor(T 2 ) ∈ T and the proof is complete.
Theorem 12: For any connected graph G of order n ≥ 2, Since deleting edges cannot decrease γ tdR (G), then for every spanning tree T of G we have γ tdR (T ) = 3n 2 . Therefore, any spanning tree of G is in T . If any edge joins the leaves of a spanning tree of G, then we can define a TDRDF on G of weight less than 3n 2 which leads to a contradiction. Thus G ∈ G.
Next result is an immediate consequence of Theorem 12. Corollary 1 [9] : Let G be a connected graph of order n ≥ 2.
Theorem 13: Let G be a connected graph of order n ≥ 2. Then the following holds.
1) γ tdR (G) ≤ n + α (G). Furthermore, this bound is sharp for any graph G ∈ G. 2) If G is triangle-free graph with
Clearly X is independent. If y and z are vertices of X and yx i ∈ E(G), then by the maximality of M we have zy i ∈ E(G). Therefore, for each i ∈ {1, 2, · · · , α } there are at most two edges between the sets {x i , y i } and {y, z}.
1) If there is a vertex v ∈ X such that vx i , vy i ∈ E(G) for some i, then yx i , yy i ∈ E(G) for each y ∈ X \ {v} since M is a maximum matching. Assume B is the set of all vertices v ∈ X such that vx i , vy i ∈ E(G) for some i.
f is a TDRDF of G of weight 3α and thus γ tdR (G) ≤ 3α (G). Theorem 14: Let G be a connected graph of order n ≥ 3 and v ∈ V (G). Then 
for each x ∈ V (G i ) and each i ∈ {1, · · · , r}, and g(v) = t where t = 3 if k ≥ 2 and t = 2 if k = 1, is clearly a TDRDF of G and by Theorem 13 (Item 1), we have γ tdR (G) ≤ ω(g)
and hence γ tdR (G) ≤ 2n − deg(v).
Assume that T = ∅. This yields S = ∅. We conclude from the choice of S that each vertex x ∈ S has a private neighbor x in T . First let |S| < deg(v) and let v k ∈ S. Define g :
Clearly g is a TDRDF of G and by Theorem 13 (Item 1), we obtain
and this implies that
Clearly g is a TDRDF of G and as above we have
and so γ tdR (G) < 2n − deg(v). This completes the proof. Next result is proved in [9] , but its proof has a problem. Corollary 2 [9] : Let G be a connected graph of order n ≥ 2. Then γ tdR (G) = 2n − 3 if and only if G ∈ {C 4 , Cor(P 3 ), Cor(C 3 )}.
Proof: If G ∈ {C 4 , Cor(P 3 ), Cor(C 3 )}, then the result is immediate by Proposition 2 and Corollaries 10.
Conversely, let γ tdR (G) = 2n − 3. It follows from Theorem 14 that (G) ≤ 3. If (G) = 2, then G is a cycle or path of order n and we deduce from Propositions 2 and 3 that G = C 4 . Let (G) = 3 and so n ≥ 4. By Theorem 12, we have 2n − 3 = γ tdR (G) ≤ 3n 2 and this implies that n ≤ 6. If n = 4, then G = K 4 which leads to a contradiction since γ tdR (K 4 ) = 4. If n = 5, then we deduce from (G) = 3 and the connectedness of G that γ t (G) = 2 implying that γ tdR (G) ≤ 6, a contradiction. Assume that n = 6 and that 
is a TDRDF of G, a contradiction. Thus deg(v 4 ) = 1 and so G ∈ {Cor(P 3 ), Cor(C 3 )}.
Let F be the family of graphs obtained from a star K 1,t (t ≥ 2) by adding a pendant edge at each vertex of K 1,t and adding some edges (possibly no edge) between the leaves of K 1,t .
Corollary 3 [9] : For any connected graph G of order n ≥ 4 different from star,
This bound is sharp for all graphs in family F.
Proof: Let v be a vertex of G with maximum degree (G) = k. Since G is connected, we have k ≥ 2. We proceed as in the proof of Theorem 14 and use the same notation.
Let T = ∅ and for any vertex x ∈ S, let x ∈ T be a private neighbor of
We conclude from this and (5) that γ tdR (G) < 2(n − (G)) + α (G).
Corollary 4 [9] : For any connected graph G of order n ≥ 3, Let γ tdR (G) = 2n − (G). Then all inequalities in (4) become equalities and so |S| = (G) − 1, |S| = |T | and r = 0. This implies that each vertex x ∈ S has exactly one private neighbor x in T and so T = {x | x ∈ S}. Suppose without loss of generality S = {v 1 
for x ∈ S − {w} and g(x) = 0 for x ∈ T ∪ {v k }, is a TDRDF of G of weight less than 2n − (G) that leads to a contradiction. Therefore deg(y) = 1 for each y ∈ T . If v k is adjacent to a vertex v i in S, then the function g : V (G) → {0, 1, 2, 3} defined by g(v) = 1, g(x) = 3 for x ∈ S and g(x) = 0 for x ∈ T ∪{v k }, is a TDRDF of G of weight less than 2n− (G), a contradiction again. Thus deg(v k ) = 1 and it follows that G ∈ F.
Conversely, let G ∈ F. Then G is a graph obtained from a star K 1,t (t ≥ 2) with V (K 1,t ) = {v, v 1 , · · · , v t } centered at v, by adding pendant edges vu and v i u i for i ∈ {1, · · · , k}. Clearly n(G) = 2t + 2 and (G) = t + 1. Assume f is a γ tdR (G)-function. It follows from Observation 1 that
This implies that γ tdR (G) = 2n(G) − (G) and the proof is complete.
Corollary 5 [9] : For any connected graph G of order n ≥ 3,
with equality if and only if G is a complete graph.
Proof: Let v be a vertex of G with minimum degree δ(G) = k. If δ(G) = 1, the we deduce from Corollary 4 that γ tdR (G) ≤ 2n − (G) < 2(n − δ(G)) + 2. If δ(G) = n − 1, then G is a complete graph and we have γ tdR (G) = 4 = 2(n − δ(G)) + 2. Assume that 2 ≤ δ(G) ≤ n − 2 and so V − N [v] = ∅. We proceed as in the proof of Theorem 14 and use the same notation. If T = ∅, then t = 3 and we deduce from (3) that γ tdR (G) < 2(n − δ(G)) + 2 because r ≥ 1. Let T = ∅. Since v has minimum degree δ(G), we have N (y) = N (v) for each y ∈ T and this implies that |S| = 1. Let S = {w} and y ∈ T . Define g : V (G) → {0, 1, 2, 3} by g(v) = g(y) = 2, g(w) = 1, g(x) = 0 for x ∈ (T − {y}) ∪ {v 2 , · · · , v k } and g(x) = f i (x) for each x ∈ V (G i ) and each i ∈ {1, · · · , r} if r ≥ 1. Clearly, g is a TDRDF of G and we have 
